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ABSTRACT
Complexity thinking prompts us to consider remodeling our curriculum in a nonlinear recursive way. However, what a recursive mathematics curriculum can look like is not clear. This article employs a concept analysis on recursion and explores multiple interpretations of recursion in various contexts, including mathematics, computer programming, complexity thinking, and curriculum theory. It explores possible strategies that mathematics teachers can use to facilitate students’ recursion, with a particular focus on review. Practical suggestions are made upon the examination of examples drawn from the author’s teaching practices. This article helps to distinguish recursion from its synonyms such as repetition and reflection, highlights the importance and practical implications of recursion in mathematics curriculum, and points to possible directions for future inquiry into recursive mathematic curriculum. 
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Recursion is one of the key concepts associated with complexity thinking. As William Doll (2002), one of the first education scholars to introduce complexity thinking to education, states firmly, “nature embraces not simplicity but complexity” (p.45). Many natural and social phenomena, such as avalanches, weather, economic system, human biological and social systems, and other living systems are all complex systems. The prevalence of complex systems and phenomena and the extensive study of them compel us to think about our world and education differently. As Noel Gough (2012) points out, “Complexity invites us to understand our physical and social worlds as open, recursive, organic, nonlinear and emergent, and to be cautious of complying with models and trends in education that assume linear thinking, control and predictability” (p.46). Emphasizing recursion is an educational implication of thinking complexly (Doll, 2010/2012). Recursion, one of the 4R's (Richness, Recursion, Relations, Rigor) in Doll’s (1993) postmodern curriculum, is a key process in meaning making, consciousness forming and cognitive growth, thus it is essential for a transformative curriculum. Despite the importance of recursion, there is limited research about what a recursive curriculum, which centers on recursion, entails. Particularly, how recursion can be implemented in mathematics curriculum is unclear
.
This paper presents a preliminary research about recursive mathematics curriculum. It starts with a concept analysis of recursion, followed by some early exploration into what a recursive mathematic curriculum can look like by examining some classroom examples drawn from my teaching experience. It is my hope that this paper will facilitate the conversation, among researchers, teacher educators, and teachers, about recursion through the lens of complexity thinking and to provoke thinking about recursion’s implications in curriculum. 
Concept Analysis

This section is guided by a hermeneutic question (Smith, 2010), “What does recursion mean?” I believe the richness of a concept’s implementations is generated through a deep understanding of this concept. A limited interpretation of a concept easily leads to superficial and restricted implementations. On the other hand, a deep understanding of a concept can evoke new thoughts and broaden our imagination. When recursion is taken up naively it might be viewed as repetition or iteration. Whereas when taken up in a much more nuanced way it can lead to reflection. Consider for example, a mathematics teacher who takes up the naive view. She might think that as long as she has students practice same type of questions repeatedly or review what they have learned before, the teacher has done her part to prompt recursion. It is not hard for experienced teachers to see that simple repetition is not sufficient. I hope that through examining various meanings of recursion in different contexts, we can be less burdened or restricted by our previous experiences and be freer to implement recursion in ways that are more suitable for our current situations. 
The exploration of the concept of recursion starts simply with the Oxford online dictionary:  recursion is explained as “the repeated application of a recursive procedure or definition” while recursive means “characterized by recurrence or repetition”. Recursion seems similar to repetition. Is it so? An exploration of some other contexts where recursion is meaningfully used follows.  
Recursion in Mathematics and Computer Programming 

Recursion is frequently used in mathematics and computer programing. In mathematics, “a recursive process is one in which objects are defined in terms of other objects of the same type. Using some sort of recurrence relation, the entire class of objects can then be built up from a few initial values and a small number of rules” (“Recursion”, 2013). One example of recursion in mathematics is recursive formula. Given a recursive formula (e.g., [image: image2.png]t, =t,_, +10



) and a starting value (e.g., [image: image4.png]


), one can produce a class of numbers (e.g., a sequence {1, 11, 21, 31, 41, ...}). The formula in the example can be interpreted to say that to find any term (but the first term) of this sequence, add 10 to the value of the previous term. This example of recursion in mathematics shows that recursion has connotations of continuity and repetition with variation.  In this sense, if we say thought is recursive, then it means that later thought is always built upon previous thought. This is consistent with Kilpatrick’s (1985) interpretation of mental growth with a recursive quality: “If mental growth and development occur in stages…then each stage must be built on the foundation of the preceding one. Later stages reproduce earlier stages, but with a difference” (p.5).  
In computer programming, recursion is more of self-recursion, “in which an object is defined in terms of itself, leading to an infinite nesting” (“Recursion”, 2013).  A recursive procedure or function calls itself. For example, a procedure Cats is defined as 

Procedure Cats {


Show_a_Cat;


Cats;

}

This procedure includes two steps: it firstly shows a cat on the user screen, then it calls itself, which means that it tells the computer to execute the procedure Cats. It is not hard to see that the execution of the procedure Cats leads to an infinite loop of showing the same cat. A short form of the procedure written in an equation format can be Cats = Cat: Cats, with ‘:’ separating two actions.  From this example, we can see that recursion has connotations of self-referencing, self-similarity, reflexivity, and circularity. So if we say thought is recursive, we mean that thought has an attribute of referring back or looping back to itself and thoughts at different times share some common attributes.  

Recursion in Complexity Thinking
The recursion in complexity thinking can also be understood using fractal geometry as an exemplar. After the publicity of Mandelbrot's (1982) influential book The Fractal Geometry of Nature, people from various backgrounds have found fractals useful in helping them understand, describe and explore numerous natural and social phenomena. The use of fractal geometry has been expanded into natural science, social science, education, arts, literature, and so on. For many people, fractals are easy to appreciate and connect with, as manifestations of fractals are everywhere in the world. You can see fractals in broccoli, tree, cloud, coastline, river, brain, heartbeat, and many more
. Fractals are self-similar and scale-independent, meaning that a fractal has diverse details at various scales, yet it is self-similar across scales. So, no matter how you zoom in on and zoom out on a fractal, you see different parts which share the same attribute with the whole
. In other words, each portion of a fractal can be viewed as a reduced-scale image of the whole (Mandelbrot, 1967). Simply put, you can see the whole of a fractal through a part of it. The infinite level of diversity and self-similarity is a hallmark of fractals.
Of particular significance to this discussion is that it is through recursion that fractals obtain the quality of self-similarity and diversity. Fractals are formed by recursion through infinitely many stages. This can be seen clearly in the forming process of the Koch snowflake (see Fig. 1). To generate a Koch snowflake, start with an equilateral triangle in the stage 0 and repeat the following two steps to each side of the figure in each stage of the repetition infinitely:
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a) Divide each side of the figure into three equal portions;
b) Replace the middle portion with an equilateral triangle whose bottom side is removed.  
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The recursion in complexity thinking is also related to cybernetics, which shapes complexity thinking as well. Gregory Bateson (1979/2002), a great thinker in cybernetics and many other disciplines, emphasizes recursion in his theory of mind. One of the six criteria of Bateson’s theory of mind is that “Mental process requires circular (or more complex) chains of determination” (p.96). For Bateson, mind is a system that includes many feedback loops that “carry messages about the behavior of the whole system” and follows circular causality (p.118). A difference perceived by any part of the system can trigger changes that are carried through the whole system thus affecting every part of the system, including the origin part of the change. Therefore, “a change in any part of the circle can be regarded as cause for change at a later time in any variable anywhere in the circle”(Bateson, 1979/2002, p.56). For Bateson, this structure of mind is recursive and it allows mind to fold back to itself thus producing autonomy: “Autonomy – literally control of the self from the Greek autos (self) and nomos (a law) – is provided by the recursive structure of the system” (p.118). 

Clearly, the concept recursion used in complexity thinking includes connotations associated with recursion in mathematics and computer programming, i.e., it includes the meaning of continuity, repetition with variation, self-referencing, self-similarity, reflexivity and circularity.
Recursion in Curriculum  

Recursion’s significance in education is highlighted by a few curriculum theorists, including William Doll, Brent Davis and Dennis Sumara. Doll’s recursion is informed by complexity thinking, pragmatism and postmodernism. Recursion, echoing the spirit of Eliot’s poem quoted at the beginning of the paper,  is “a looping back to what one has already seen/done, to see again for the first time” (Doll, 2008/2012, p.27). Based on this definition, recursion seems to closely associate with reflection. However, Doll’s recursion is more than reflection. It has multiple layers of meanings.
First, recursion is currere-oriented.  Doll (1993) says, “recursion (as well as recur) is derived from the Latin recurrere (to run back). In this way recursion is allied with currere (to run), the root word for curriculum” (p.194). Currere, a notion developed by Pinar and Grumet (1976), emphasizes curriculum as a running process rather than a course to be run and calls for a learning experience that connects to learners personally. Through connecting recursion and currere, recursion reaffirms the importance of experience and process in education. Experience cannot be given by other people: “The person having the experience must do the experiencing for him/herself” (Doll, 2004/2012, p.98). Carrying on Dewey’s theory of experience, Doll (2004/2012) says, “it is this process of interactive doing, undergoing, and responding which turns experience into an experience” (p.99). The best teachers can do is to help students to craft their experiences (Doll, 2004/2012). Thus, a currere-oriented recursive curriculum gives students time to experience and to reflect upon their experience; it makes self-reflection central (Doll, 1993).
Second, recursion is recursive reflection. Reflection, “once accomplished acts as a guide to further practice, itself the occasion for further reflection”(Doll, 1993, p.141). The looping of thoughts on thoughts in reflection, “distinguishes human consciousness; it is the way we make meaning” (Doll, 1993, p.177). Viewing recursion as recursive reflection not only conveys an emphasis on the continuity and the repetition of the reflective process, it also emphasizes the importance of revisiting the topics we have learned even though we think we remember them well. As Doll (2010/2012) says, “It is in this second, yet first, seeing that the richness of a situation begins to emerge; and as we become more aware of our participation in the situation, recursion turns into recursive reflection” (p.181).
Third, recursion is hermeneutic reflection. Doll (1993) emphasizes recursion’s Latin root recurrere (run back) and says “‘running back’ means that each statement or proposition is reexamined in terms of re-looking at its original foundational assumptions” (p.123). Therefore recursion becomes hermeneutic reflection during which the learners, while revisiting texts studied before, examine the texts, their previous interpretations and their own influence in their meaning making. Questions like “What assumptions did I have?” and “Why did I think in certain ways?” can be asked. By examining their own influence in their learning situations, learners can see how metanarratives are impossible and how important it is to examine the process of their thinking along with its products. Without the emphasis of hermeneutics, the frame of reflection is closed: one reflects to find the Truth rather than multiple truths and reflection ceases when the Truth is found; one does not challenge one’s thinking process. Thus, recursion, as hermeneutic reflection, enables us to acknowledge the fluid and contextualized status of human understandings and to think critically. 
Clearly, Doll’s recursion is a process of looking at one’s previous thought critically from a new perspective. It has connotations of self-referencing, reflexivity, continuity, repetition with variation and reflection. It emphasizes on-going reflection, hermeneutic inquiry, and personal experience, and it affects both the process and products of thinking activities. 
Davis and Sumara’s (2000, 2006) idea of recursion is aligned with the one in fractal geometry. They acknowledge fractal images as “the products of particular sorts of recursive or iterative procedures” and define a recursive process as “a repetitive one in which, at any particular level of computation, the new input is the output from the previous level (and the subsequent output is the input for the next round)” (Davis & Sumara, 2000, p.827). Informed by complexity thinking, fractal geometry and neurology studies, Davis and Sumara (2000) emphasize recursion when proposing a curriculum with a fractal-informed sensibility. They view cognition as fractal-like: it demonstrates self-similarity across various scales and its development is recursive. As Davis and Sumara (2000) state, “the dynamics of cognition/knowledge are seen in much the same terms as the procedure used to generate a fractal image. It is seen as a matter of recursion, of elaborating what has come before, subjected to emergent contingencies, embedded in and part of a similarly recursive context” (p.834). Clearly, recursion plays an essential role in the cognitive development. In addition, due to the noncompressible nature of fractals, “there are no shortcuts to the eventual products” (Davis & Sumara, 2006, p.43). Thus, the new structure of cognition can only be achieved by going through the entire learning process: “the structure emerges or the path that unfolds has to be lived through for its endpoint to be realized” (Davis & Sumara, 2000, p.841). In this sense, Davis and Sumara’s idea of recursion also has a focus on currere as Doll’s does. In summary, Davis and Sumara’s idea of recursion has connotations of self-referencing, self-similarity, continuity, and repetition with variation.
Recursion in Mathematics Curriculum  

 As mentioned earlier, there is limited research directly addressing recursion other than a mathematical process in mathematics education. A few mathematics education experts, such as Kilpatrick, Kieren, Simmt, Pirie, Sawada and Caley, have works related to recursion and mathematics curriculum. 
Kilpatrick (1985) analyzes the concepts of reflection and recursion, trying to illuminate that both concepts are suitable metaphors to describe thinking and learning of mathematics. Invoking the definitions of reflection and recursion in physics, mathematics and computer programming, Kilpatrick identifies that both reflection and recursion “are ways of becoming conscious of, and getting control over, one’s concepts and procedures” (p.6). And both have a process of turning an idea over in one’s head and thinking about one’s thinking process, and both can “enable the thinker to think how to think, and may help the learner learn how to learn” (Kilpatrick, 1985, p.6). However, recursion is more than reflection. Although “recursion has no generally accepted meaning”, Kilpatrick points out two ways to think of recursion: 

One can think of recursion as a method of defining a function ‘by specifying each of its values in terms of previously defined values, and possibly using other already defined functions’ (Cutland, 1980, p.32). Or one can think somewhat more generally of a recursive function or procedure as one that calls itself (Cooper and Clancy, 1982, p.236). (p.3)

These two interpretations of recursion are exemplified respectively in the recursive formula and recursive procedure Cats mentioned earlier. Compared to reflection, Kilpatrick sees recursion having extra aspects, such as self-referencing and iteration with variation. These aspects, combining with reflection together, make recursion a useful metaphor for learning since “learning does seem to have a recursive quality” (Kilpatrick, 1985, p.5). Despite of the difference between reflection and recursion, for Kilpatrick, the implications of reflection and recursion in classroom are the same: one needs to turn one’s cognition back on oneself. Practically, to encourage reflection and recursion, Kilpatrick points out that “opportunity [for reflection] alone is unlikely to be sufficient for most students. They need encouragement and probably some explicit instruction in how to look at their own thinking” (p.16). Teachers need to “supply students with a language for reflecting on their own experiences”(p.16) and “[w]hat good students and good teachers do on their own with respect to looking back at their work ought to be prompted in mathematics learning and teaching”( p.19).  Clearly, Kilpatrick’s notion of recursion centers on (self-)reflection and it also has connotations of self-referencing and repetition with variation.
Kieren and Simmt (2002) suggest using fractal as simile to observe and characterize collective mathematics understanding. They employ empirical data to show that collective understanding can be viewed as fractals and the features of collective understanding might “arise recursively and manifest themselves in a self-similar manner across sub-collectives or sub-filaments” (p.872).  In other words, like any fractals, collective understanding is similar yet different at all sub-collective levels and this self-similarity and diversity is generated through a recursive process. Kieren and Simmt refer this recursive process to a back and forth process in which an individual and her/his environment influence each other: in  a collective learning environment, an individual’s actions can be occasioned by others and the environment, but they can also occasion actions in the group and change the environment, thus influencing each individual. Through this recursive process, collective understanding maintains “its central character yet undergoing continual change” (Kieren & Simmt, 2002, p.872). Kieren and Simmt’s notion of recursion describes the interactive co-emergent process between sub-collective knowing and collective knowing, and not surprisingly, it seems to share the connotations of Davis and Sumara’s notion of recursion as both notions are informed by complexity thinking (i.e., self-referencing, self-similarity, continuity, and repetition with variation).  

Pirie and Kieren (1989, 1991,1994) established a well-known theory of mathematical understanding - transcendent recursion. This theory characterizes mathematical understanding (see Fig. 2
) as a leveled but non-linear phenomenon, and “each level of understanding is contained within succeeding levels. Any particular level is dependent on the forms and processes within and, further, is constrained by those without” (Pirie & Kieren, 1989, p.8). This theory views mathematical understanding as fractal-like: every level/layer is similar to its previous levels/layers yet it transcends them. Also, “inspection of any particular primitive knowing will reveal the layers of inner knowings”(Pirie & Kieren, 1994, p.68). An example of it can be a primitive knowing of quadratic functions contains the inner layers of understanding of linear functions.  
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Although the growth of any particular mathematical understanding always starts from primitive knowing and has a tendency to move to an outer level, it does not follow a monodirectional linear path. Rather, as Pirie and Kieren (1994) say,

When faced with a problem or question at any level, which is not immediately solvable, one needs to fold back to an inner level in order to extend one’s current, inadequate understanding. This returned-to, inner level activity, however, is not identical to the original inner level actions; it is now informed and shaped by outer level interests and understandings. Continuing with our metaphor of folding, we can say that one now has a ‘thinker’ understanding at the returned-to level. This inner level action is part of a recursive reconstruction of knowledge, necessary to further build outer level knowing (p.69).  

The growth of mathematical understanding follows a recursive process while “recursion is seen to occur when thinking moves between levels of sophistication” (1989, p.8). Clearly, Pirie and Kieren’s idea of recursion includes folding back to an inner level and returning to an outer level. And whenever one moves from one level to another, one has some newer understanding, which changes the problem one faced in the past. Thus one might repeat similar actions, but with a different focus. In this sense, Pirie and Kieren’s notion of recursion seems to have connotations of self-referencing, self-similarity, reflexivity, continuity, repetition with variation and reflection. 
Sawada and Pothier (1993) advocate a recursive learning that benefits children’s mathematical imagination. They use a working definition of recursion: “A representation (or a process in general) is recursive if at a certain point in working with it the medium becomes the message [, which becomes the medium of further messages, and on and on]” (p.15). A recursive cognitive experience is a process in which one’s previous thoughts (medium) becomes the message that invites further thoughts, which become the subsequent medium in the next round. Sawada and Pothier claim that the mathematical experience for mathematicians is pervasively recursive and urge educators to allow “the freedom to explore where destinations emerge from the exploration” to promote recursive learning (p.19). Sawada and Pothier’s idea of recursion also seems to have connotations of self-referencing, reflexivity, continuity, repetition with variation and reflection.

What Does Recursion Mean? 

The above concept analysis, despite being preliminary, examines influential literature that is relevant to recursion and education. It shows that recursion is a model of thinking and it has connotations of continuity, repetition with variation, self-referencing, self-similarity, reflexivity, circularity, and reflection. Although more exploration in the meaning of recursion is still needed, the concept analysis enables us to distinguish recursion from some words with close meanings, such as reflection, repetition, and iteration. Recursion is closely tied to reflection but is more than reflection: recursion includes a process of continued reflecting, critical questioning and personal experiencing. Recursion questions both thoughts and thinking process. Recursion is not iteration and repetition. Both iteration and repetition aim to have the same action or procedure perform again. In both of them, “reflection plays a negative role; it breaks the process” (Doll, 1993, p.178). Thus to secure the completion of repetition and iteration, change is not welcomed and reflection is to be avoided. The frame of repetition and iteration is closed (Doll, 1993). On the other hand, recursion, aiming to facilitate cognitive growth, welcomes changes and needs reflection. Hence reflection plays a positive role in recursion and recursion’s frame is open (Doll, 1993). Kilpatrick (1985) distinguishes between repetition and recursion well by saying “the learning of mathematics proceeds in a rhythm in which repetition is combined with variation. The repetition can take on the quality of a recursion when old knowledge is used as substrate for the construction of new knowledge” (p.6). Clearly, recursion is a process that opens for possibility and it at least includes reflection and repetition with an added dimension of new ways of seeing. 
Implications 
There is limited research about classroom practices that enact a recursive mathematics curriculum. Kieren and Simmt (2002), Pirie and Kieren (1989, 1994) and Sawada and Caley’s (1993) works mainly help us to understand the growth of mathematical understanding. Kilpatrick’s (1985) work only emphasizes the need for mathematics teachers to teach reflection skills and facilitate student reflection. Meanwhile, finding practical ways to promote recursion in classrooms is needed to transform current linear mathematics curriculum. As a high school mathematics teacher, I struggled to find ways to encourage recursion in my mathematics classes. Our current mathematics curriculum is not recursive. During my teaching years in Canadian high schools, I found that the mathematics curriculum often have teachers rush through topics in a linear manner. Hardly do we revisit an old topic from a different angle. When we reteach certain topics for remediation, we fret the time lost. When students ask questions about old topics they have learned, we feel worried. We assume that once students have learned a topic there is no point to review it unless they have forgotten it. We review for reproduction rather than a deeper and newer understanding. This kind of curriculum is not recursive to me. 
I have given quite some thought on practices that I can change to enact a recursive mathematics curriculum in spite of working with a linear curriculum. Informed by complexity thinking, I believe that although I cannot cause change in students, I can build an appropriate environment to occasion changes within them. Questions like “What can reviews, tests, assignments, class examples and activities, and homework be like in a recursive mathematics curriculum?” can be asked. Here I draw examples from my teaching practice and suggest one kind of review practice as a possible response to the question “What can review be like in a recursive mathematics curriculum?” 
As the concept analysis of recursion informs us that recursion can be understood as revisiting old thoughts with new eyes, a review in a recursive curriculum can be re-viewing/re-visiting old topics from a different perspective. One perspective can be the context of the exercise questions students have done. Here it is necessary to invoke Bateson’s ideas of logic types. Bateson (1979/2002) points out that the message about parts and the message about whole belong to two different logic types. In other words, the message about a tree is different from the message about the forest in which the tree belongs, as one is about an object and the other one is about the context of the object. In mathematics classes, it is common to see students who can solve one particular question but fail to solve other questions that belong to the same type. Metaphorically speaking, students tend to see strangers everywhere rather than viewing many questions are cousins belonging to the same family. Obviously, students have difficulty to see the context of the questions. However, learning about contexts is needed for cognitive growth (Bateson, 1979). As a prominent Chinese poet, Su Shi (1037-1101), writes in one of his most famous poems,
 
Learning about a mountain (context) requires one leaves the mountain (system). Here is exactly where recursion can help. As recursion “requires that the user step outside the system” (Kilpatrick, 1985, p.5) and is a process of stepping back or distancing one’s self from one’s creation (Doll, 1993), recursion can help students to learn about the contexts of their questions. Therefore, I suggest that we teachers design review activities that draw student attention to the contexts of the exercise questions that they have done before, rather than simply assigning more new exercise questions. Simply, we review old questions with a new holistic focus.  
Here I present three re-view examples that I used in my academic mathematic classes. The G12 example (see Fig. 3) shows a type of solving equation questions that I wrote on the board during review sections
. Students were required to look at them and think about how they are similar to each other. Students should see all questions belong to the same family: all the equations are in factored format thus solving them sharing a common algorithm. 



The G11example (see Fig. 4) is a review activity I gave to my G11 academic mathematics classes. In this activity, students were asked to categorize the exercise questions on the textbook by algorithms after they had studied two relevant chapters (Arithmetic Sequences and Geometric Sequences). If two questions have the same given and to-find information and same algorithm, then they belong to the same family. 
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Figure 4
The G10 example (see Fig. 5) shows what test questions can be like after students have gone through the type of review activity used in G11 classes. In this G10 test, students are required to choose the right category for each of the word problems and also generate two questions that belong to two different categories respectively. 
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i) Categorize the following word problems tased on what to find without solving them:

Categeries:
a) find the x-coordinate of the vertex (h) b) find the op timal value
©) find the y-intercept d) find the x-intercepts

©) find the y-value (other than y-intercept) for a given x-value
1) find the x-value (cther than x-interceg ) for a given y-value

) find the a-value, then find the equation of the quadratic relation

The sum of two numbers is 60. Find the two numbers if their product is a
maximum

Category

A lifeguard marks off a rectangular swimming area at a beach with 200 m of
rope. Whatis the greatest area of water she can enclose?

A bus company camies about 20000 riders per day for a fare of 90 cents. A
survey indicates that if the fare is decreased, the number of riders will increase
hy 2000 for svery 5 cents of decrease What ficket price wanld menlt in the
greatest revenue?

The safe stopping distance, d, in meters, for a beat travelling at v kmvh in calm
water is determined to be . What is the safe stopping distance if the speed is 12
kmh?

The safe stopping distance, d, in meters, for a beat travelling at v kmvh in calm
‘water is determined to be . What s the initial speed of the boat if it takes 15 m tc
stop?

P) find the y-intercept
Q)find the x-intercepts






The above practices were designed to direct student attention to the structure of the questions and algorithms. By exploring the common patterns within different questions, students learn about the context of the questions as a whole. Re-viewing old questions from a holistic view is needed for students to improve their generalization ability, which is essential for mathematics learning. However, the fact that many of my students found this type of re-view activity challenging and two G10 academic classes answered those categorizing questions in the test rather poorly might suggest that this kind of practice is uncommon in many mathematics classes, but more importantly it suggests a need to improve students’ generalization ability in general. Although it is unclear how well that they enhance student learning, my re-view activities received some positive comments from students in all three grades, particularly the ones with stronger mathematics background. The possible educational benefits of re-viewing old questions from a holistic perspective for students call for more research in re-viewing from a different perspective and recursive re-view in general. 










Future Research 



Obviously, more implications of a recursive mathematics curriculum can emerge through a deeper understanding of the concept of recursion and a broader examination of the research related to recursion. The concept analysis has pointed to some directions for future research: by examining research related to the key words associated with recursion, i.e., continuity, repetition with variation, self-referencing, self-similarity, reflexivity and reflection, I should be able to answer the question “What does a recursive mathematics curriculum look like?” better. 
In his thought provoking paper, Gough (2012) ends his writing with a question, “how might understanding our worlds and selves as open, recursive, organic, nonlinear and emergent make ‘a different practice’ possible for educational inquiry?” (p.53) In responding to this question, I believe recursive mathematics curriculum is a promising direction for educational inquiry informed by complexity thinking, and I hope this paper has demonstrated that indeed there is much more to talk about recursion and much more to do in this direction.  
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We shall not cease from exploration, 


      and the end of all our exploring 


      will be to arrive where we started 


and know the place for the first time.





T.S. Eliot, from Stanza 5 of 


“Little Gidding,” in The Four Quartets








Figure � SEQ Figure \* ARABIC �1�





Figure � SEQ Figure \* ARABIC �2�





不识庐山真面目，只缘身在此山中。


You cannot see the real look of Mountain Lu because you are in the mountain. 





Figure 3





Figure 5








� A search in the ERIC database, using key words “recursion or transformative learning” and “mathematics”, found only 27 peer-reviewed papers within the time period between the year of 1965 and January 2013. 


� A stunning fractal image taken by Canadian astronaut Chris Hadfield on April 11, 2013 from space can be found at � HYPERLINK "https://twitter.com/Cmdr_Hadfield/status/322491964475969536/photo/1" �https://twitter.com/Cmdr_Hadfield/status/322491964475969536/photo/1�


� One example of slow and deep zooming in on the most famous fractal, Mandelbrot set, created by Michael Hogg can be found at � HYPERLINK "http://www.youtube.com/watch?v=9G6uO7ZHtK8&feature=player_embedded" �http://www.youtube.com/watch?v=9G6uO7ZHtK8&feature=player_embedded�


� (Pirie & Kieren, 1994, p.63)


� The equations used in class are less complicated than this version here. 
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